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Abstract 



The notion of phase plays an essential role in both semiclassical 
and quantum mechanics. But what is exactly a phase, and how does it 
change with time? It turns out that the most universal definition of a 
phase can be given in terms of Lagrangian manifolds by exploiting the 
properties of the Poincare-Cartan form. Such a phase is defined, not 
in configuration space, but rather in phase space and is thus insensi- 
tive to the appearance of caustics. Surprisingly enough this approach 
allows us to recover the Heisenberg-Weyl formalism without invoking 
commutation relations for observables. 
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1 Introduction 



What is a phase? A common conception is that it is something hke an angle; 
but this does of course not tell us very much concretely. Let us look up the 
word "phase" in the Webster^. We find there that " ...[a phase is] the stage 
of progress in a regularly recurring motion or a cyclic progress (as a wave 
or vibration) in relation to a reference point." The last few words really go 
straight to the point: the vocation of a phase is to describe a variation -it has 
no absolute meaning by itself. So what would then a good definition of the 
variation of "phase" be for a mechanical system? Consider a Hamiltonian 
system (in n degrees of freedom) with Hamiltonian H = H(x,p,t); here 
X = {xi, ...,Xn), p = ipi, ■.■,Pn)- We will define the variation of the phase of 
that system when it evolves from a state z' = {x',p') at time t' to a state 
z = {x,p) at time t by the formula 



where the integration is performed along the arc joining {z',t') to {z,t) in 
time-dependent phase space, and determined by the Hamilton equations for 



So far, so good. But again: what is then "the" phase of that system? A 
clue is given by Hamilton-Jacobi's equation with initial datum 



Assume that H is of the classical type "kinetic energy + smooth potential" ; 
then the solution of the problem © always exists (and is unique) if |t — t'| 
is sufficiently small. This solution <I> = <I>(x,t) is obtained as follows. Let 
us denote by (//^/) the time-dependent flow determined by H and consider 
the graph Y' of the function p' = Vx^'ix'). For small values of \t — t'\ the 
image V = /j^, (V) will still project diffeomorphically on configuration space 
and hence still be a graph; the coordinate x being given let p be the unique 
momentum vector such that z = {x,p) G Y and define z' = {x',p') E Y' by 
z = //^, (z'); then the difference $(x,t) — ^'{x') is the quantity 




(1) 



H. 



— + H{x,V,^) = , ^{x,t') = ^'{x). 



(2) 




Webster New Encyclopedia, 1994 edition. 
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and we can take the formula 



t) = $'(x') + / pdx- Hdt (3) 

Jz',t' 

as a definition of the phase of the Hamihonian system. Such a choice is 
quite correct, and very much in the spirit of Hamilton- J acobi theory. It is 
however too restrictive, because the definition of heavily relies on the 

fat that we were able to define a point x' on the initial graph V' via the 
formula {x,p) = f^^,{x',p'). This is only possible if V = fl\r(^') is itself is 
a graph, and this is in general no longer the case when |t — t'| becomes too 
large: for a given x there will perhaps be several points {x,pi), {x,p2), 
of V having the same position coordinate due to the "bending" of V by 
the flow as time elapses, and formula © will no longer make sense (to use 
an older terminology, the phase becomes "multi- valued" ) . This is the usual 
problem to which one is confronted to in Hamilton-Jacobi theory, and is 
also, by the way, one of the reasons for which the WKB method breaks 
down for large times: the semiclassical solutions to Schrodinger's equation 
one wants to define on the set V = //^, (V) blow up because of the appear- 
ance of "caustics" related to that bending. In semiclassical mechanics, the 
remedy to this situation is well-known: one renounces to the usual solutions 
of Hamilton-Jacobi's equation and one considers the manifolds V them- 
selves -whether they are graphs, or not- as generalized solutions: this is the 
phase space approach to semiclassical mechanics inaugurated by Keller, and 
further developed by Maslov JH]) Maslov and Fedoriuk jE], Leray jE], and 
many others. Now, these manifolds are not arbitrary; they are Lagrangian 
submanifolds of phase space. These special manifolds can be thought as 
generalizations of the usual invariant tori of Liouville integrable systems of 
Hamiltonian mechanics, but there use is certainly not limited to this vener- 
able topic: Lagrangian manifolds have a life of their own, and intervene in 
various fields. Even if one doesn't have to take Weinstein's ^Hl creed ^^ev- 
erything is a Lagrangian manifold!" quite at face value, it is however true 
that Lagrangian manifolds can be associated in a very natural way both to 
classical and quantum systems. (We will discuss this in some detail in Sec- 
tion [2 in any case the solution of Cauchy's problem for Hamilton-Jacobi's 
equation anyway involves de facto a Lagrangian manifold, whether the sys- 
tem is Liouville integrable or not.) The situation is even more clear-cut in 
quantum mechanics: to every quantum system whose evolution is governed 
by Schrodinger's equation 



one can associate a canonical Lagrangian manifold: writing the wavefunction 
in polar form ^ = exp{i^/h) the graph p = Vx^ixjt) of the phase at time 
t is a Lagrangian manifold. (We have used this fact in [B] to show how this 
can be used to understand Schrodinger's equation in the framework of the 
Hamilton-Jacobi formalism.) 

An essential tool for the study of the time-evolution of the phase of a 
Lagrangian manifold under the action of Hamiltonian flows is the Poincare- 
Cartan form pdx — Hdt. Its importance comes from the fact that it is a 
(relative) integral invariant. Strangely enough, this property is often men- 
tioned in both the mathematical and physical literature, but seldom fully 
exploited. Admittedly, the approach "Lagrangian manifolds -|- Poincare- 
Cartan invariant" is certainly not new; for instance Weinstein ,20, has used 
it to study the global properties of paths of Lagrangian manifold subject to 
an "isodrastic" (that is, action-preserving) deformation; due to the heavy 
use of intrinsic differential geometry Weinstein's paper is however not easily 
accessible to a physical audience. On the other hand many of the results 
contained in Section [2 can be found in an elusive or fragmentary form else- 
where (e.g. jniEl)- In Section [3 we show how the properties of the phase 
allows us to recover the Heisenberg-Weyl operator formalism familiar from 
semiclassical mechanics. 

This article is relatively self-contained: the proofs are complete (even 
if concise), and we have found it useful to shortly review the necessary 
topics from symplectic geometry and Hamiltonian mechanics (the invariance 
property of the Poincare-Cartan form is one example); we refer the reader to 
the classical treatises 1181 ^ (cited in increasing order of mathematical 
difficulty) for the notions of differential geometry that we will use. 

Notations. The phase space M^"" = x is equipped with the standard 
symplectic form a: 

n 

a[z, z ) = px — p X = yPj^j ~ Pj^j 
if z = {x,p), z' = {x',p'); in differential notation: 

n 

a = dp Adx = dpj A dxj . 
i=i 

A Lagrangian plane is a n-dimensional linear subspace i of M^" such that 
the symplectic form a vanishes on every pair of vectors of i: 

z,z' a{z,z') = 0. 
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Equivalent definitions are: (*) a Lagrangian plane is the image of configura- 
tion space M" (or momentum space M^) by a linear symplectic transforma- 
tion (i.e. a symplectic matrix); (**) A n-plane with equation Ax + Bp = 
is Lagrangian if and only if A^B = BA^. 

In all what follows the letter V will denote a connected (but not neces- 
sarily compact) Lagrangian submanifold of the phase space M^"; ^^^^ is: 

• V has dimension n as a manifold; 

• the tangent space i{z) = T^Y at every point z of V is a Lagrangian 
plane. 

2 Lagrangian Manifolds in Mechanics 

A basic (but not generic) example of Lagrangian manifold is the follow- 
ing: let $ = $(x) be a smooth function defined on some open domain in 
configuration space. Then 

Y :p = V^^{x) 

is a Lagrangian manifold (sometimes called "exact Lagrangian manifold"). 
The image of a Lagrangian manifold V by a symplectic diffeomorphism / is 
again a Lagrangian manifold: /(V) is a manifold, and the tangent mapping 
d/(2;o) is an isomorphism of £{zo) = T^qV on £{f{zo)) = rj(2(,)/(V); that 
isomorphism is symplectic hence i{f{zo) is a Lagrangian plane. Observe 
that a Lagrangian plane is a Lagrangian manifold in it own right, and so is 
the image by a Lagrangian plane by a symplectic diffeomorphism. 

Let us begin by making the following pedestrian -but important- remark. 
Suppose that we have a system of N point-like particles at some time, say 
t = 0, and that we know all the positions and momenta of these particles; 
that system is thus identified with a point z = {x,p) in phase space. We can 
always find a Lagrangian manifold (in fact, infinitely many) carrying this 
point z. The easiest example is obtained by choosing numbers ai, a„ such 
that pj = ttjXj-, denoting by M the diagonal matrix with diagonal entries 
Uj , the linear space I : p = Mx is a Lagrangian plane (and hence, a fortiori, 
a Lagrangian manifold). 

We can even do better: assume that the system of N particles is Hamil- 
tonian with Hamiltonian H, and let E be the energy of the system. Consider 
a solution $ = $(x) of the reduced Hamilton-Jacobi equation 

H{xy^^) = E. 
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The manifold Y : p = Vx^ix) is Lagrangian and the energy of H is con- 
stant on it; it thus hes on the energy shell T,e ■ H{z) = E. We thus see that 
independently of any integrability condition one can associate an exact La- 
grangian manifold to every Hamiltonian system; that Lagrangian manifold 
can be interpreted as a set carrying a "cloud" of particles, in fact a statis- 
tical ensemble where the positions and momenta are in interrelated by the 
formula p = Va;<I>(x). More generally, there is no need to assume ha there is 
such a correlation, and one can as well consider a Lagrangian manifold as a 
set representing a physical state. When one weights this manifold by a den- 
sity (or rather a de Rham form, see and thereafter imposing to it the 
Maslov(or EBK) quantum conditions, one obtains semiclassical mechanics. 

It should be noted that Lagrangian (sub) manifolds actually play an 
ubiquitous role in physics. For instance, the role of "reciprocity laws" giv- 
ing arise to such manifolds in thermodynamics ( "Onsager relations" ) , ther- 
mostatics ("Maxwell relations"), and in electricity and electromagnetism is 
well-known. Tulczyjew and Oster actually view Lagrangian manifolds as 
the basic entities describing physical systems (see Abraham and Marsden 
PP, Ch. 5, for an extensive list of references and many examples). 

3 The Phase of a Lagrangian Submanifold 

et V be an exact Lagrangian manifold, defined by the equation p = 'V x^{x)- 
Then '^{z) = ^{x) is a phase of V. This is obvious since 

dip{z) = d<I>(x) = pdx. 

We observe that the phase can be expressed as an integral: 

99(z) = ^(xo) + / d^>(a;) 

where 7 is any path in configuration space joining xq to x. 

To see what a notion of phase could be for a Lagrangian manifold which 
is not a graph, let us begin with a simple example. We would like to define 
on the circle (R) : + p^ = B? in the plane ^ smooth function ip 
whose differential d^p is the action form pdx. Passing to polar coordinates 
X = RcosO, p = Rsm6 the condition d(p = pdx is 

dip{e) = -R^ sin^ e 

which, integrated, leads to 

^{9) = —{cos9sme-e). (4) 
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Now, that function is not defined on the circle itself, because ip{6 + 27r) = 
^p{9) — T[E? 7^ ^{0). We can however view ip{6) as defined on the universal 
covering of S^{R), identified with the real line Mg, the projection vr : — > 
S^{R) being given by Tr{0) = {RcosO, Rsm9). 

Consider, more generally, a completely integrable system with Hamil- 
tonian H, and (0,1) = /i, /„) the corresponding angle-action 

variables. We have H(x,p) = K{I) and the motion is given by 

e{t) = e{{)) + u{i{Q))t , /(t) = /(o) 

where the frequency vector = (wi (/),..., a;n(/)) is the gradient of K: 
uj{I) = 'VjK{I). The motion takes place on the Lagrangian manifold I{t) = 
/(O). Topologically this manifold is identified with a product of n unit circles, 
each lying in a plane of conjugate variables. Recalling that 9 = (9i, ...,6n) 
the phase of T is thus 

n 

in view of Q). 

Consider now an arbitrary Lagrangian manifold V, and choose a "base 
point" z = {x,p) on V; we denote by vri(V) the fundamental group 7ri(V, z). 
Let us denote by V the set of all homotopy classes z of paths j{z, z) starting 
at z and ending at z, and by vr : V — > V the mapping which to i asso- 
ciates the endpoint z of any of its representatives j{z, z). The set V can be 
equipped with a topology having the following properties: (*) V is simply 
connected; (**) vr is a covering mapping: every z £ Y has an open neigh- 
borhood U such that vr~^(f7) is the disjoint union of a sequence of open sets 
Ui,U2, ■■■ such that the restriction of vr to each of the Uj is a diffeomorphism 
onto U. With that topology and projection, Y is the universal covering of 
V. Consider now the action form 

pdx = pidxi + • • • + PndXn 

on V; we can "pull-back" this form to V using the projection vr, thus ob- 
taining a one- form vr*(pdx). Now 

dvr*(pdx) = vr*d(pdx) = vr*(dp A dx) 

and dpAdx = ais identically zero on V, hence the form vr*(pdx) is closed on 
V. Since V is contractible vr* (pdx) is an exact form on V in view of Poincare's 
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lemma and we can thus find infinitely many functions : V — > M, all 
differing by a constant, such that d{p{z) = it* (pdx). Making a slight abuse 
of notation by identifying pdx and its pull-back tt* (pdx) we can summarize 
the discussion above as follows: 

There exists a differentiable function cp : V — > R such that 

dip{z) = pdx if 7r(i) = z = {x,p). (5) 

We will call such a function a phase of V, although ip is in general defined 
on the universal covering V. Notice that we can always fix one such phase 

by imposing a given value at some point of V; for instance we can choose 
cp{z) = where z is identified with the (homotopy class of) the constant 
loop 7(z, z). 

A straightforward example of phase one can associate to a system of 
particles represented by a phase space point z is the following: 

Example 1 Let £ : p = Mx be a Lagrangian plane passing through z ( that 
such a plane always exists was discussed above). Choosing the origin as base 
point: z = the phase is 

(j){z) = \p-x = iMx^ 

(where we have set Mx"^ = Mx ■ x). 

Phases on Lagrangian manifolds can be explicitly constructed by inte- 
grating the action form along paths: 

Proposition 2 Let z be any point ofY and^{z.,z) an arbitrary continuous 
path in Y joining z to z. The line integral 

I{z) = / pdx 
J'y(z,z) 

only depends on the homotopy class z of'y{z,z) and defines a phase o/V. 

Proof. Let ^'{z, z) be another path joining z to z vaY and homotopic to 
7(z, z); the loop 6 = 7(2, z) — 'y'{z, z) is thus homotopic to a point in V. Let 
h = h{s,t), < s,t < 1 be such a homotopy: h{0,t) = S{t), h{l,t) = 0. As 
s varies from to 1 the loop S will sweep out a two-dimensional surface P 
with boundary 6 contained in V. In view of the multi-dimensional Stokes 
theorem we have 

/ pdx = / / dp A dx = 
Js J Jv 
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where the last equahty follows from the fact that P is a subset of a La- 
grangian manifold. It follows from this equality that 



pdx = / pdx 

7(2,2) Jl'iz.z) 

hence the integral of pdx along ^{z, z) only depends on the homotopy class 
in V of the path joining ^ to 2;; it is thus a function of i G V. There remains 
to show that the function : V — > M defined by 



ip(z) = / pdx (6) 
-'7(2,2) 

is such that d(p{z) = pdx. The property being local, we can assume that V 
is simply connected, so that V = V. Since V is diffcomorphic to i{z) = T^V 
in a neighborhood of z we can reduce the proof to the case where V is a 
Lagrangian plane £. Let Ax + Bp = (A^B = BA^) be an equation of £, 
and 

7(z) : 1 1 — ^ {-B'^u{t), A^u{t)) , < t < 1 

be a differentiable curve starting from and ending at 2; = {—B'^u{1), A'^u{1)). 
We have 



(f{z) = / pdx 

= - I A^u{t) ■ B'^u{t)dt 
Jo 

= - / BA^u{t) ■ u{t)dt 
Jo 

and hence, since BA'r is symmetric: 

ip{z) = -^BA^uil)^ 

that is 

dip{z) = -BA^u{l)du{l) = pdx. 

m 

As already observed above we are slightly abusing language by calling 
99 a "phase of V" since (p is multi-valued on V. This multi-valuedness is 
made explicit by studying the action of tti (V) on V. The latter is defined 
as follows: let 7 be a loop in V with origin zo and 7 G 7ri(V) its homotopy 
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class. Then 7Z is the homotopy class of the loop 7 followed by the path 7(2) 
representing z. From the definition of the phase 93 follows that 

(/?(7z) = ip{z) + * pdx. (7) 

The phase is thus defined on V itself if and only if J pdx = for all loops 
in V; this is the case if V is contractible. However Gromov has proved in Sj 
that if V is closed (i.e. compact and without boundary) then we cannot have 
pAx = for all loops 7 in V; to construct the phase of such a manifold 
we thus have to use the procedure above. 



4 The Local Expression of the Phase 

Recall that a Lagrangian manifold which can be represented by an equation 
p = \/x^{x) is called an "exact Lagrangian manifold". It turns out that 
Lagrangian manifolds are (locally) exact outside their caustic set, and this 
is most easily described in terms of the phase defined above. We use the fol- 
lowing standard terminology: a point z of a Lagrangian manifold V is called 
a "caustic point" if z has no neighbourhood in V for which the restriction 
of the mapping z = {x,p) 1 — > x is a diffeomorphism; at a caustic point the 
tangent space i{z) = T^V is the momentum space x M^. The set S of 
all caustic points of V is called the caustic of V. Of course, caustics have 
no intrinsic meaning, whatsoever: there are just artefacts coming from the 
choice of a privileged n-dimensional plane {e.g., the configuration space) on 
which one projects the motion. 

Let U be an open subset of V which contains no caustic points: U H S = 
0. Then the restriction xv to U of the projection x ■ i^iP) ' — *■ a; is a 
diffeomorphism of U onto its image Xu(U), and (U, xu) is thus a local chart 
of V. Choosing U small enough, we can assume that the fibre 7r~"^(U) is 
the disjoint union of a family of open sets U in the universal covering of V 
and such that the restriction ttu to U of the projection vr : V — > V is a 
diffeomorphism onto U. It follows that (U, xv ° "^u) is a local chart of V. 

Proposition 3 Let <I> be the local expression of the phase ip in any of the 
local charts (U, xu ° "^u)-' 

<^{x) = ip{{xvoTTv)~^{x)). (8) 

The Lagrangian submanifold U is exact and can be represented by the equa- 
tion 

p = V^<^{x) = VM{xvoT^vr\x)). (9) 
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Proof. Let us first show that the equation Q remains unchanged if we 
replace (U,XU°'^u) by a chart {t!' , XV ° '^V') such that 7r(I[J') = TritS). There 
exists 7 E 7ri(V) such that U' = 7U hence, by (O, the restrictions ip^, and 
differ by the constant 




It follows that 

and hence the right-hand side of the identity @ does not depend on the 
choice of local chart (U, xu ° '''"u)- Set now (xu o -ku)~^{x) = (p(x),x); we 
have, for x G xu ° ^u(U), 

d$(x) = dip{p{x), x) = p{x)dx 

hence Q. ■ 

5 Symplectic Frames and Lagrangian Phases 

The observant reader will have noticed that the phase of a Lagrangian man- 
ifold was defined in terms of one special coordinate system, namely the 
canonical coordinates x,p. It is of course of interest to determine what hap- 
pens to the phase under symplectic changes of variables. Let us introduce, 
following Leray |12j . the notion of symplectic frame: by definition, a sym- 
plectic frame is any pair of Lagrangian planes such that M^" = i(B£*; 
equivalently: £nt = 0. Set ^^j; = x and = x M^J (the configura- 
tion space, and the momentum space, respectively). The pair {Ixi^p) is a 
symplectic frame: we call it the canonical frame. The symplectic group acts 
transitively on all pairs of transverse Lagrangian planes (see d ) ; it fol- 
lows that the image S{i, (!.*) = {S£, Si*) of a symplectic frame is a symplectic 
frame, and that for every pair (£, ^*), (£', i'* ) of symplectic frame there exists 
R G Sp(n) such that {t,t) = R{£',e'*) (i.e. £ = Ri' and £* = R£'*). We will 
call such an R a symplectic change of frame; a manifold which is Lagrangian 
in one such frame is Lagrangian in all symplectic frames and we will see that 
there is an intrinsic (i.e. frame-independent) function on V which we call, 
again following Leray, the Lagrangian phase of V. 

For the sake of notational brevity we will omit the dot • for scalar prod- 
ucts and write, for instance, px in place of p ■ x. 

Let Sp(n) be the symplectic group: S S Sp(n) if and only if 5* is a 
linear automorphism of M^"" preserving the symplectic form a: a{Sz, Sz') = 
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a{z,z') for all vectors z,z'. For every S £ Sp(n) the image S{Y) is also a 
Lagrangian manifold. The following result allows us to compare the phases 
of V and S(Y); it will also allow us to give a frame-independent definition 
of the phase of V. 

Proposition 4 For S G Sp(n) set {xs,ps) = S{x,p). (*) We have 

Psdxs — xsdps = pdx — xdp. (10) 

(**) Define a function ips ■ Y — > M by the formula 

^s{z) = ^{z) + ^{psxs - px). (11) 

That function is differentiahle, and we have 

dipsiz) = psdxs if tt{z) = {x,p). (12) 

Proof. (*) Writing S in block-matrix form 



\C D 

the condition that S is symplectic implies that A^C and B^D are symmet- 
ric, and that A^D — C^B = I. Setting xs = Ax + Bp, ps = Cx + Dp, and 
expanding the products, we get 

psdxs - xsdps = {A^Cx + A^Dp - Ax - C'^Bp)dx+ 
{B^Cx + B^Dp - D^Ax - D^Bp)dp 
= pdx — xdp 

proving (jTUI). (Notice that in general we do not have psdxs = pdx.). {**) 
Differentiating the right-hand side of (fTT|) we get, since dip{z) = pdx, 

dips{z) = i(pdx - xdp) + ^dipsxs) 

= ^{Psdxs - xsdps) + ^d{psxs) 
= Psdxs 

which proves ()12|). ■ 

We can identify the universal covering of 5(V) with that, V, of V: for 
this it suffices to define the projection 

TT^ = 5 o vr : V — >S(Y) : irsiz) = Sz = {xs,Ps)- 
Proposition |3] can then be restated as follows: 



12 



The phase of S{V) is the function ips ■ ^ — ^ R defined by 
formula ill]) : we have dips{z) = pdx if irsiz) = {x,p). 

We will call "Lagrangian phase of V" the function A : V — > M defined 

by 

X{z) = ip{z) — ^px if tt{z) = {x,p). (13) 

In view of Lemma 0] the invariant phase of the Lagrangian manifold RY 
is 

XRiz) = ipR{z) - ^PRXR if TTRiz) = {x,p); 

since in view of formula (jllj) we have 

ipR{z) = ip{z) + ^^{PRXR - px) (14) 

it follows that Xr{z) = A(i): the Lagrangian phase is thus the same in all 
symplectic frames. 

Notice that it follows from definition (|13|) that the differential of the 
Lagrangian phase is 

dX{z) = \{pdx-xdp). (15) 

Let us note the following particular case of Lemma ^ assume that S is 
a free symplectic matrix, that is 

5= ^) , detS/O 

(equivalently, ^(O x M^) n (0 x M^) = 0). Then 5 admits a homogeneous 
free generating function 

W{x,x') = ^B-^Ax"^ - B-^xx' + ^DB-^x'^ 

(where B~^Ax^ = B^^Ax ■ x, etc.), and we have {xs,Ps) = S{x,p) if and 
only ii ps = VxW{xs,x) and p = —VxW{xs,x). Since W is homogeneous 
of degree two in the x, x' variables, Euler's formula yields 

W{xs,x) = ^{xsVxsW{xs,x) +xVxW{xs,x)) 

= ^{Psxs - px) 

hence formula (|11|) can be rewritten as 

^s{z) = v{z) + W{xs,x). (16) 

As we will see in Section |H1 formula H16() is a particular case of a more 
general result describing the action of Hamiltonian flows on the phase of a 
Lagrangian manifold. 
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6 Hamiltonian Motions and Phase 



We are now going to investigate the action of Hamiltonian flows on the phase. 
Let us first introduce some notations. Let H = H(z,t) ("the Hamiltonian") 
be a smooth real function defined on M^" x M^. We denote by (//^/) the 
time- dependent flow it determines: for an initial point z' set zt = f^^,{zt'); 
the function 1 1 — > Zf is the solution of Hamilton's equations 

x = VpH{z,t) , p = -V^H{z,t){z,t) 

passing through z^, at time t'. Notice that /^^, o f^^/, = The suspended 

Hamiltonian flow (//^) is defined on the extended phase space M^" x Mj; it 
is defined by 

f7iz',t') = {f,%^A^'),t + t') 

and is the flow of the suspended Hamiltonian vector field 
we will also use the notation 



and call, somewhat sloppily, the family of canonical transformations (//^) 
the flow determined by H (it is not truly a flow when H is effectively time- 
dependent: //^/,^ / 

We will use the properties of the Poincare-Cartan integral form. It is 
the one-form an on R^" x Mt defined by 

an = pdx — Hdt. 

Its interest comes from the following property which expresses the fact an 
is a relative integral invariant (see ^ ) : the contraction of the exterior 
derivative 

dan = dp Adx - dH A dt 

with the suspended Hamilton vector field Xh is zero: ij^^dan = 0. This 
means that for every vector Y{z, t) in R^"" x Rj originating at a point {z, t) 
we will have 

daH{XH{z,t),Y{z,t)) = 0. (17) 

This property has the following, for us very important, consequence: let 
7 : [0, 1] — > R^" X Rt be a smooth curve in extended phase space on which 
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we let the suspended flow //^ act; as time varies, 7 will sweep out a two- 
dimensional surface whose boundary dY^t consists of 7, f^^ {"/), and two 
arcs of phase-space trajectory, 70 and 71: 70 is the trajectory of the origin 
7(0) of 7, and 71 that of its endpoint 7(1). It turns out that we will have 

aH = 0. (18) 

Here is a sketch of the proof: using the multi-dimensional Stokes formula 
we have 

/ an = dan- 

Since the surface consists of flow lines of Xjj each pair {X , Y) of tangent 
vectors at a point {z, t) can be written as a linear combination of two inde- 
pendent vectors, and one of these vectors can be chosen as Xh. It follows 
that daniX, Y) is a sum of terms of the type daniXn, Y), which are equal 
to zero in view of (fT7|) . We thus have /^^ dan = 0, whence ((TH|) . 
From now on we will use the definite integral notation 

(^H = / pdx — Hdt 

for the integral of the Poincare-Cartan form along the phase space trajectory 
s I — > f^f.,{zt') joining Zf/ to zt = fll,{zt'). Let V be a Lagrangian manifold 
and Vi '= ft^CV). Notice that = //^,(Vt/). Since Hamiltonian flows 
consist of symplectomorphisms each is a Lagrangian manifold, and the 
function ft ■ — > R defined by 



(pt{zt) = / pdx 

J ■y{zt,zt) 

(zf being the homotopy class in Yt of a path 7(^4, Zf)) obviously is a phase 
when Zt = {zq) is chosen as base point in V^. The following result relates 
ipt to the phase = (/Jq of V = Vq: 

Lemma 5 Let z = zq be a point in V and zt its image in Yt (i-e. zt is the 
homotopy class in Yt of the image by //^ of a path representing z). We have 

rzt rzt 

ipt{zt) - ^{z) = I an - an- (19) 

Jzo Jzo 
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Proof. Let be the closed curve 

St = [zo, zt] + 7{zt, zt) - [zq, zt] - 7(zo, zq) 

where [zo,^t] (resp. [zoi-^t]) is the Hamiltonian trajectory joining zq to Zt 
(resp. Zq to Zt). In view of the consequence (|18p of the relative invariance 
property of the Poincare-Cartan form an we have 

f aH = Q. (20) 

JY.t 

Since di = along both 7(2^, zt) and 7(^0^ zq) we have 

/ OLH = j pdx , / an = 1 pdx 

J"l{zt,zt) J^(zt,zt) J-y{zo,zo) J-y{zo,zo) 

and hence (|2U|) is equivalent to 



/ pdx + I 

J^(zn,zn) J zn 



Zt 



pdx + / an — I pdx + I an = 

/7(20,Z0) J ZQ J'r{zt,Zt) Jzo 

that is to (dH). ■ 

Lemma El has the following fundamental consequence for the phase of 
Yt = //^(V): 

Proposition 6 Set zq = z and z = zq. The function (/?(•, t) : V — > M 
defined by 

^{z,t) = ^{z)+ T' an , zt = fi'iz) (21) 

Jz,0 

is a phase ofYt: for fixed t we have 

dip{z,t) =ptdxt if -Ktiz) = zt = ixt,pt) (22) 
that is, equivalently, 

dLp{z,t) = ptdxt if tt{z) = z = {x,p). (23) 
Proof. In view of LemmaElthe function f{-,t) satisfies 

ip{z,t) = ipt{zt) + I OH (24) 

Jzo 

where zt E Yt is the image of z by //^. It follows that for fixed t we have 
dip{z,t) =ptdxt if TTt{zt) = {xt,pt) 
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where vr^ : Vj — > Yt is the projection zt ! — > Zf. ■ 

We wiU caU the function '^{■■,t) : V — > M the phase of Vf ; observe that it 
is defined, not on V^, but on V itself, viewed as a "master universal covering 
manifold" . 

The following particular case relates the Hamiltonian phase to Proposi- 
tion^ on changes of symplectic frames: 

Corollary 7 Let H be a Hamiltonian which is quadratic and homogeneous 
in the position and momentum variables; its flow thus consists of symplectic 
matrices . The Hamiltonian phase of Sl^{Y) is 

(f{z, t) = ip{z) + \{ptxt - px). (25) 

Proof. Since H is quadratic we have, using successively Euler's formula 
and Hamilton's equations, 

H{zt,t) = \{xtV.^H{zt,t) +ptVpH{zt,t)) 
= \{-xtpt +Ptxt) 

and hence 

I aH = \ ( {PsXs + XsPs)ds 
Jzo Jo 

= \{ptxt - px) 

whence (|25|) in view of (|2T|) . ■ 

Another interesting particular case of Proposition El occurs when the 
Lagrangian manifold V is invariant under the flow: //^(V) = V. (This 
situation typically occurs when one has a completely integrable system and 
V is an associated Lagrangian torus.) 

Corollary 8 Let H be a time-independent Hamiltonian, {ft^) its flow, and 
assume that V is invariant under (//^) (that is fi^(V) = V for all t). If z 
is the homotopy class in Y of a a path ^(zq,z) and ^{z,zt) is the piece of 
Hamiltonian trajectory joining z to zt then 

ip{z,t) = ^{zt) - Et (26) 

where E is the (constant) value of H onY and zt the homotopy class of the 
path 7(zo, z) + 7(2:, Zt) in Y. 
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Proof. The trajectory s > — > Zg = f^{z) is a path 7(2, zt) m V joining z to 
zt hence 



/ 



rzt 

pdx + / an = / pdx — Et 



'7(20,2) Jz J'y{zo,Zt) 

where j{zo, zt) = 7(^0) z) + ^{z, zt). The result follows since the first integral 
in the right-hand side of this equality is by definition (p{zt). ■ 

Proposition El allows us also to link the notion of phase of a Lagrangian 
manifold to the standard Hamilton-Jacobi theory. 

Proposition 9 Let z £ Y have a neighborhood V in Y projecting diffeo- 
morphically on M". (*) There exists e > such that the local expression 
<I> = ^{x,t) of the phase ip is defined for \t\ < e and (**) <^ satisfies the 
Hamilton- J acohi equation 

— +H{x,V^^) = 

for \t\ < e. 

Proof. The first part (*) is an immediate consequence of Proposition Q 
(the existence of e follows from the fact that the caustic is a closed subset 
of V). To prove (**) we observe that 



pz,t 

<^{x,t) = <^{x',0) + pdx -Hdt 

Jz',0 



in view of formula (|21() in Proposition ^ now we can parametrize the arc 
joining z' ,0 to z,t hj x and t hence 



^{x,t) = ^{x',0) + pdx -Hdt 

Jx',0 



which is precisely the solution of Hamilton-Jacobi's equation with initial 
datum $ at time t = (cf. formula ©)• ■ 



7 Phase and Heisenberg— Weyl Operators 

Let T{za) be the phase space translation z 1 — > z + Za- That operator can 
be viewed as the time-one map of the flow determined by the "translation 
Hamiltonian H"^ = a{z,Za): that flow consists of the mappings = 
z + tZa, and thus T{za) = ff- In Proposition IIUI below this is taken into 
account, that is, the phases of the translated Lagrangian manifolds will be 
calculated using formula of Proposition [HI above. 
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Proposition 10 LetT{za) he the translation with vector Za = {xa,Pa) o-nd 
T{zh) that with vector z^ = {xf,,Pb)- (*) The phase ipa ofT{za)V is given by 

(Pa(z) = ^{z) + IpaXa + PaXo if T^iz) = {x,p) . (27) 

(**) Let ipa,b be the phase of T{za){T{zb)Y) and ipa+b that ofT{za + Zb)Y; 
we have 

<fa,h{z) - •^a+b{z) = -^Cr{Za, Zb) (28) 

and hence 

^a,b{z) - ipb,a{z) = Cr{Za,Zb). (29) 

Proof. We have, in view of (|24|) . 

(Pa{z) = (p{zo) + {P0 + tpa)Xadt - / a{zo + tZa, Za)dt 

Jo Jo 

= ip{zo) +PoXa + \paXa " {PoXa - PaXo) 
= ip{zo) + IpaXa+PaXo 

whence ()27|) . Formulae H28|) follows from ()27() since we have 

^a,biz) = i^PbXb + PbXo) + {^PaXa + Pa^Xb + Xq)) 

and 

^a+biz) = l{Pa+Pb){Xa + Xb) + {Pa + Pb)xo. 

Formula ((^ follows from formula (^S)) . ■ 

Remark 11 The phases of T{za){T{zb)Y) and T{za + Zb)Y are different, 
even though these manifolds are the same! In fact, formula i28\) shows that 
the difference between the phases ofT{za + Zb)Y and T{za){T{zb)Y) is just 
(up to the sign) the area of the phase space triangle spanned by the vectors 
Za,Zb (see the discussion and Fig. 3, p. 211 in Littlejohn 114V - 

We also have the following "symplectic covariance" result: 

Proposition 12 The Hamiltonian phases of the identical Lagrangian man- 
ifolds S[^{T{za)Y) and r(Sf (za))5f V are equal. 

Proof. The phase of T{za)Y is 

(Pa{z) = ip{zo) + \paXa+PaX0 
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hence that of {T{za)Y) is (using ^I^i and the hnearity of S^): 

A{t) = ip{zo) + ^PaXa +PaX0 + 

where z^t = zq, Za^t = S^^ Za- Similarly, the Hamiltonian phase of S^^Y 
is 

(p{z,t) = (p(zo) + l{po,tXo,t -Poxo) 
hence that of T(5f (za))5f V is 

B{t) = (p{zo) + liP0,tX0,t - Poxo) + lPa,tXa,t + Pa,tX0,t 

and thus 

A{t) - B{t) = ^{paXo -poXa) " liPa,tXo,t - PO,tXa,t) 
= ^{a{Za, Zq) - Cr{Za,t, ZQ^t)) 
= ^(cr(Za, Zq) - a{S^ Za, Zq)). 

Since 5^ G Sp(n) we have a{S^ Za, zq) = cj{za,ZQ) and hence A{t) = 
B{t), proving the Proposition. ■ 

Let us extend the results above to the case of a Hamiltonian flow "dis- 
placing" points in the direction of the field of tangents to a smooth curve 
in phase space. To such a curve 1 1 — > ^{t) = {x'^ (t) , p"^ (t)) we associate the 
time-dependent Hamiltonian H"' defined by 

H'^iz, t) = a{z, 7(t)) = px^{t) - xp^{t). 

The solutions of the associated Hamilton equations x{t) = x"'{t), p{t) = p^{t) 
are given by 

= z(0)+7(t)-7(0) 

hence the flow (/^^z) propagates points along curves which are translations 
of 7. We will therefore call H'^ the displacement Hamiltonian along 7. Set 
= f^Q and let V be a Lagrangian manifold with phase (/?. 

Proposition 13 The phase of the displaced Lagrangian manifold V^(*) = 

/■;o(v) » 

^,(.,*) = .(.) + i(p«-p„.„)-^/pd.-.dp. (30) 
If, in particular, ^ is a loop then 

^,(M)=^«-j/p<i.-.dp. (31) 
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Proof. In view of formula H21|) the phase of V"^*^ is 

(p{z,t) = ip{z) + [ {p{s)x{s) - a{z{s),'y{s)))ds; 
Jo 

we have a{z{s),'y{s)) = a{z{s), z{s)) and hence 

p{s)x{s) - cr(z(s), 7(s)) = p{s)x{s). 

Noting that 

p{s)x{s) = ^{p{s)x{s) + p{s)x{s) — {p{s)x{s) — p{s)x{s))) 
= ^,i{p{s)xis))-^,aizis),i{s)) 

and integrating we get formula (|3n|). ■ 

The result above can actually be recovered from Proposition (110(1 by 
using infinitesimal translations: segmenting the trajectory t i — > z{t) into 
straight sections [zjZi], [zi,2;2],.-- where z^ = z{kAt) (At = t/N), one finds 
that the limit of the product of these operators is precisely 

lim T{zN - ZN-i) ■ ■ ■ T{z2 - zi)T{zi - z) = T^^. 

(This observation thus a posteriori justifies formula (3.27), p. 212, in Little- 
john [H.) 

Both formulas (j28j) . (|29|) in PropositionEHare strongly reminiscent of the 
commutation formulas in the quantum-mechanical Heisenberg-Weyl group; 
however there is nothing quantum mechanical involved in our constructions! 
Let us discuss this point in some detail. Recall (see for instance Littlejohn 
jl4j ) that the basic idea of the Heisenberg-Weyl operators is that they move 
wave functions around in phase space. This is done as follows: for a given 
quantum state \^) the position and momentum expectation values are (x) 
and (p); this can be written collectively as {z) = {'^\z\^). Heisenberg-Weyl 
operators T{za) are parameterized by points Za in phase space, and have the 
property that if |^) has the expectation value (z) then T{za) |^) should have 
the expectation value {z) + Za, this requires that 

f{Za)*zf{Za) = Z + Za 

where z = (x, —ifiVx) is the quantum operator associated with z. One shows 
that this implies that T{za) must be the operator 

f{Za) = exp(|cj(Za,i)) 
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whose action on wave functions in the ^-representation is given by 

f(Za)^'(x) = exp(^(paX - ^PaXa)'if{x - Xa). 

Let us interpret Propositions and in terms of the wave functions 

on V introduced in our previous work |H1E|; /9 is here a de Rham form on 
V. Such a wave-function is defined on V, i.e. 

^i(jz) = ^(i) for all 7 G 7ri(V) 

if and only if V satisfies the EBK condition 

pdx — -m(7) is an integer. 

(7 an arbitrary loop on V, 771(7) its Maslov index). We define the action of 
the Hamiltonian flow (//^) on ^' by 

/f*(i) = exp(i^(i,t))Vp(i,t) 

where (p(z,t) is the Hamiltonian phase and ^yp{z,t) = y/p{f^ {z),t). If we 
now choose for H the translation Hamiltonian H°'{z) = a{z, Za) then in view 
of (EZI) the action of T{za) = /f° on ^ is 

T{Za)^{z) = exp[i(¥P(i) + \paXa)]^{T{Za)z). 

This action of translation operators satisfies, in view of H28() . H29|) the com- 
mutation relations 

T{zi,)T{za)^{z) = T{Za)T{zb)^{z). 
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